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Abstract. In this paper we focus on the initial-boundary value problem 
of the 2-D isentropic Euler equations with damping. We prove the global-in- 
time existence of classical solution to the initial-boundary value problem by 
the method of energy estimates. 
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1 Introduction 

In this paper we concern the global-in-time well-posedness of solutions to 
the initial-boundary value problem (IBVP) of the following isentropic Euler 
equations with damping in two dimensional space. 

p t + div(ptt) =0, x > st, y G R, t > 0, 

(1.1) 

(puj)t + div(puuj) + P{p)xj = -kpuj, j = 1, 2. 

Here u(x, t) = (tti, -u 2 )(x, t), p(x,t), P = P(p) represent the velocity, fluid 
density and pressure respectively, k > is a positive constant, s is a real 
number. As is well-known, f 1 1.1 1) in one-dimension can be written into the 
p-system with damping in the Lagrangian coordinates, 

v t -u x = 0, x e R + , t > 0, 

(1.2) 

u t + P(v) x = —ku, k > 0. 
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Here v(x,t) > and u(x,t) represent the specific volume and velocity, re- 
spectively; the pressure P(v) is assumed to be a smooth function of v with 
P(v) > 0, P'{v) < 0. In [8] Nishihara and Yang studied the boundary effect 
on the asymptotic behavior of solution to ( 11. 2\\ with the Dirichlet boundary 
condition u\ x =o = 0. In [lOj Wang and Yang considered the time- asymptotic 
behavior of solutions to the Cauchy problem for the isentropic Euler equa- 
tions with damping in multi-dimensions, where the global existence and 
pointwise estimates of the solutions are obtained, moreover they also ob- 
tained the optimal L p (l < p < oo) convergence rate of the solution when it 
is a perturbation of a constant state. Moreover, in [2], El El [7]), Matsumura, et 
al studied the viscous shock wave and the asymptotic behaviors of solutions to 
the IB VP of the p-system with viscosity. For the IBVP of the Navier-Stokes 
equations, there are some results. In [3] Kagei and Kobayashi studied the 
large-time behavior of solutions to the compressible Navier-Stokes equations 
in the half space in M 3 . In [I] Kagei and Kawashima studied the stability of 
planar stationary solutions to the IBVP of the Navier-Stokes equations on the 
half space. However there are few works on the IBVP in mult i- dimensional 
case to the Euler equations with linear damping (11.11) as far as we know. 

As for the IBVP, how to give the appropriate boundary conditions, which 
is a key point to close the energy estimates, is a difficulty we meet with, since 
the IBVP may be ill-posed under some boundary conditions (see [T]). What 
and how many boundary conditions to give are two problems we have to 
solve at first. Because the increase of the spatial dimensions and the number 
of the equations, we can not simply propose the Dirichlet condition on the 
velocity as in one- dimensional case (see [8]). By diagonalizing the coefficient 
matrix of the normal (with respect to the boundary) derivative of the un- 
known variables, we give the boundary conditions on the linear combination 
of the unknown variables, and find that the number of the boundary condi- 
tions to give is determined by the number of the positive eigenvalues of the 
coefficient matrix of the normal (with respect to the boundary) derivative of 
the unknown variables. 

A matter worthy of note is that the process of making a priori estimates 
for IBVP is more complex than that for Cauchy problem. Especially in deal- 
ing with the boundary terms composed of the higher-order normal deriva- 
tives, we have to take the original system into consideration. Moreover, the 
complexity increases as the order of the derivatives grows higher. In order to 
close the energy estimates, we make use of some techniques in dealing with 
the boundary terms. 

Another matter to mention is about the local existence of solutions. In 
general, for Cauchy problem of symmetric hyperbolic systems, the local ex- 
istence of classical solutions could be obtained without the assumption of 
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small initial data (see [5]), while for IBVP, there is some difference. Since 
the boundary terms could affect the symmetric structure of the system in the 
process of making energy estimates, there exists some difficulty (essential or 
technical) in obtaining the local existence of solutions without the assump- 
tion of small initial data. However, this does not affect our ultimate results, 
because the global-in-time a priori estimates require that the initial data be 
small. So what we need is to prove the local existence of classical solutions 
in the case of small initial data, and this could be obtained by using the 
iterative scheme. 

The rest of the paper is as follows. After we state the notations, in section 
2 we give the a priori estimates by energy methods . In section 3 we give the 
main theorems and show the global existence of the classical solution to the 
IBVP. 

Notations. We denote generic constants by C. d k = (d%, d^dy, • • • , dy). 
Vl t = R + x R x [0,t\. L p (l < p < oo) is the usual Lebesgue space with the 
norm | • \ p , W m ' p ,m G G [1, oo] denotes the usual Sobolev space with 

its norm 

m 

In particular, we use W m ' 2 = H m with its norm || ■ || m ,and|| ■ ||o = || ■ ||- 
Since we cope with the initial-boundary value problem, for convenience, we 
denote, ||/|| 2 (0, •, t) 4 / R |/(0, y, t)\ 2 dy, \\f\\ 2 (t) 4 / R / R+ |/(ar, y, t)\ 2 dxdy. 

2 Energy estimates 

In this paper we consider the small perturbation near the constant state 
(fr, M ), without loss of generality we choose (r — 1, vr — 0. The real number 
s play an important role in proposing the appropriate boundary conditions. 
The comparison between s and r decides the number of the boundary con- 
ditions we could propose. In this paper we consider the case < s < r, and 
the other cases can be studied in the future. Correspondingly we study the 
following initial-boundary value problem, 
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p t + div(pu) = 0, x > st, j/Gl, t > 0, 

(pwi)t + div(pmii) + P(p% = -kpu!, 

< {puz)t + div(puu 2 ) + P(p)y = -kpu 2 , (2.3) 

(p,ui,u 2 ){x,y,t)\ t=0 = (p + l,ntio,rti2o)(ac,ir), 

, 05+^)1^ = 1, 
where r 2 = P'Cl) > 0, po, wio, u 2 o are given functions, and inf Po(x, y) + 

1 > 0. We assume that the pressure P{p) is smooth in a neighborhood of 
p» = 1. 

Next we will make a series of transformations to the coordinates and 
unknown variables. First, x — > x + st, t — > t, changes the domain we study 
from a wedge to the half space. Second, the translation transformation p — ► 
p — 1, i2i — ► Ui, U2 ~- * linearizes (|2.3p . Last, the scaling transformation 
p —>■ p,U\ — > rtti, m 2 - ► ra 2) reformulates the problem (12.31) to the following 
system, 

Pt — sp x + riiiz + ru 2y = — rdiv(pw), x > 0, ?/GM, £ > 0, 
wit - swiz + ^Px + fcwi = -ru • Viti + ±(r 2 - ^M)^, 
< Mat - g^2x + rp y + ku 2 = -ru ■ \7u 2 + ^(r 2 - P '^ p p) )p y , ( 2 -4) 
(p,ui,u 2 )(x,y,t)\ t=0 = (po,u w ,u 20 )(x,y), 
(p + ui)\ x=0 = 0, 
where « = (iti, w 2 ). Denote B = r 2 — p , 
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Then we can rewrite (12.41) as following, 

W t + A X W X + A 2 W y + A 3 W = H. 

In order to diagonalize the coefficient matrix Ax, we introduce an orthogonal 
transform. Let 
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then 5 1 = So- Denote Si = SqAiSq, * = 1,2,3, V = SqW, then 
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V(x, y, 0) = Vo(x, y), thus we reformulate (12. 4p to the following problem, 
< V t + SxV x + + S 3 V = S H, 



V(x,y,0) = V (x,y), 
vi(x,y,t)\ x=0 = 0. 



(2.5) 
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Specifically, (I2.5P can be written into the following form, 
v\t - (s - r)v lx + ^rv 3y + \ (v x - v 2 ) = ^(h + h 2 ), 
v 2 t ~ (s + r)v 2x + ^rv 3y + \{v 2 - v x ) = ^(h - h 2 ), 
V3t ~ sv 3x + ^r{y ly + v 2y ) + kv 3 = h 3 , (2.6) 
(yi,V2, v 3 )(x, y, 0) = (Y(po + u w ), ^(po - u 10 ),u 20 )(x, y), 
vi(x,y,t)\ x=0 = 0. 

In the following we will estimate (p, Ui, u 2 ) under the a priori assumption 
N(T) 4 sup {||W||f(t)} < So, < So < 1, I > 4. (2.7) 

0<t<T 

By Sobolev inequality and the system (12.41) . we know that 

0<k 1 +k 2 +k :i <l-2 Qt 

m = ^_ ^±A ]<CM<CSa . 

1 + p 

Now we will obtain a series of estimates corresponding to the k-order deriva- 
tives (k=0, 1,2,3,4), denoted by Estimate A, B, C, D and E, and higher order 
derivatives of the solution in order to close the energy estimates . In the 
process of energy estimates, we use the fact that ||<9 fc V|| = 1 1 W 1 1 , k > is 
an integer, since So is an orthogonal matrix. 

2.1 Estimate A 

Multiplying ( 12. 5p by V and integrating it over Q t , since 

rt /*oo /*oo /»£ 

1/ / / H-Wdxdydr\<CSo / (||p|| 2 (0, •, r) + |M| 2 (r) + || Vp|| 2 (r))dr, 

Jo J~oc JO Jo 

we get that 



a (*)+j;(l|W|| 2 (0,.,r)) + ||«|| a (T))dr 

(2i 

< CHW^oll 2 + CSoJ*(\\u\\l(r) + || Vp\\\T))dr. 
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2.2 Estimate B 

By direct calculation we obtain the estimates on the nonlinear terms. 
Lemma 2.1 Assume \2. 7| ] holds, then 

I Jo* S-oo io°° 9 v H • d y Wdxdydr\ 

<c5o(\\d y p\m + \\d yPo \\ 2 

+ /o[ll W/ ll?( '-^) + ll^l?(T) + ||Vp|| 2 (r)]rfr), 
I Jo S-oo So° d * H ' d x Wdxdydr\ 
<C6 (\\d x p\\ 2 (t) + \\d xPo \\ 2 

+ f W\\l(0,;T) + \\u\\j(r) + || V P f{r)\dr). 
As for the boundary terms we have the following estimates. 
Lemma 2.2 Assume \2. 7| j holds, then 

H^vilKO.-.t) < C(\\W\\ 2 + \\d y u 2 \\ 2 )(0,-,t) + C5 \\W\\l(0,-,t). (2.9) 
Proof. By virtue of < \2.6h . we get that 

\\d xVl f(0,;t) < C(\\d y V 3 \\ 2 + \\v 2 \\ 2 +\\h 1 + h 2 \\ 2 )(0, ;t) 

<(||W r || a +||^« a || 2 )(0,.,t) + Cdb||W||?(0,.,t). 

Thus ( 12. 9 p is proved. □ 

Multiplying d v ( \2.5l) by d y V and integrating it over Q t , combined with 
lemma I2TT1 yields that, 

\\dyW\\ 2 (t) + f*(\\d y W\\ 2 (0, r) + \\d y u\\ 2 (r))dr 

(2.10) 

< CH^oll 2 + C6 j»i\\d y W\\ 2 (0,;T) + (|| Vp|| 2 + \\u\\ 2 ) (r)]dr. 

Multiplying g UI2.5I) by d x V and integrating it over Q t , combined with 
lemma l2~Tl yields that, 

\\d x W\\ 2 (t) + SXWUP ~ «i)ll 2 + ll^ 2 || 2 )(0, •, r) + \\d x u\\ 2 (r)}dr 

< c(\\d x w \\ 2 + tilld^iwo,-,^) 

+C5 f*l\\d x W\\ 2 (0,;T) + ||Vp|| 2 (r) + \\u\\ 2 (r)]dr. 

(2.11) 
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Choose Ai suitably small such that (|27TDjl + At ( EXT]) , combined with ([21]) 
and (]MD yields that 

\\dW\m + f*[(\\d y W\\ + \\d x (p - Ul )f + Ru 2 || 2 )(0, r) + \\dunr)]dr 
<C(||W ||? + C'5o/o[||^|| 2 (0,-,r) + (||Vp|| + ||n||?)(r)]dr. 

(2.12) 

dZH2D, (EHD and (EHD yield that 

lit) + [\\\W\\l(0, , r) + ||n|| 2 (r)]dr < C\\W \\\ + C5 f || Vp|| 2 (r)rfr. 
Jo Jo 

(2.13) 

From (12.41). we have that 



ftll l (0,;t)<C\\W\\((0,;t), \\W t \\'(t)<C\\W\\i(t). 

Thus fl2~T3l) yields that 

ll^|| 2 (t) + ||^|| 2 (t) + J*[(\\W\\j + \\W t f)(0, ■, r) + \\u\\l(r)]dr 

<C\\Wo\\i + C5 ^\\V P nr)dr. 

(2.14) 

Since 

UuPx = (UlPx)t - {U\Pt)x + UlxPt, U 2t Py = {U 2 p y )t - (u 2P t)y + U 2yP t, 

by virtue of Cauchy inequality, (I2.4I) 1 p+ + sl \2A\\ o P ^ + <\2A^ p y yields that 
I \\\Pt\\ 2 (r) + \\Vpnr))dT< 

C(\\W \\l + (||Vp|| 2 + \\u\m) + f*[(\\p t f + |M| 2 )(0, , r) + \\u\\l(r)}dr) 
+C5 f*(\\u\\l+\\Vpr)(T)dT. 

(2.15) 

Choose A 2 suitably small such that (12.141) + (12. 15p yields that 
i(t) + \\W t \m + J^\\W\\j + \\W t f)(O r ,T) 



(2.16) 

+ (IIP*H 2 +l|Vp|| 2 + || M || 2 )(r)]dr< C7||Wo||?. 

From ([23]) we know that \\u t \\ 2 (t) < C(||Vp|| 2 + ||«||?)(t), thus fl2TT6]) 
yields that 

II^H 2 W + \\W t \\ 2 (t) + J*[(\\W\\j + ||^|| 2 )(0, , r) 

(2.17) 

+ (ll^|| 2 + ||Vp|| 2 + ||n|| 2 )(r)] C /r< CH^oll?. 
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2.3 Estimate C 

By direct calculation we have the following estimates on the nonlinear terms. 



Lemma 2.3 Assume {2. 7| ) holds, then 

i/;j_;/;^.^r| 
<c5 (i|5>oii 2 + iia>ii 2 (t) 

+ H [\\d 2 Wf(0, ;t) + (|| VpH? + ||«||l)(r)]dr), 
I Jo S-oo So° d v d xH ■ d y d x Wdxdydr\ 

< c6 (\\d y d xPo \\ 2 + \\d y d xP \m 

+ / '[||a 2 W|| 2 (0,-,r) + (||Vp||? + ||ni)(r)]rfr), 
I Jo IZo io°° d l H ■ d 2 x Wdxdydr\ 

<c5 (\\dip \\ 2 + \\dip\m 

+ /o[ll^ll 2 ( '^) + (l|Vp||? + lhllD(r)]rfr). 
As for the boundary terms we have the following estimates. 
Lemma 2.4 Assume \2. 7| ) holds, then 

\\d y d xVl \\ 2 (0,;t) < C(\\W\\l + \\dlu 2 \\)(0,-,t) + C5 \\W\\l(0,-,t), (2.18) 

(2.19) 

Proof. In view of c U)2.6P i . we get that 

||^ll! 2 (0, ',*) < C(||^ 3 || 2 + \\dyiv, - V 2 )\\ 2 + \\dyih + h 2 )\\ 2 )(0, ;t) 

<c(||^|| 2 + ||a> 2 ||)(o,-,t) + c5 ||^|| 2 (o,-,t). 

Thus ( 12.18ft is proved. 
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In view of g UI2.6I) i . we get that 
ll^i|| 2 (0,-,t) 

< C(\\d x d tVl \\ + ||^ 3 || 2 + \\d x ( Vl - v 2 )\\ 2 + \\d x (h + h 2 )f)(0, -,t) 

< CWdMKO, ; t) + C(\\W\\l + ||<9^ 2 || 2 )(0, t) + C8 \\Wf 2 {0, ;t) 

< C\\d y d t v 3 \\(0, -,t) + C(\\W\\l + ||^u 2 || 2 )(0, -,t) + C5 \\W\\ 2 2 (0, -,t) 

< C(\\W\H + \\d 2 y (p - m)|| + ||^ 2 || 2 )(0, .,t) + C5 \\W\\l(0, t). 

Thus ( 12.191) is proved. □ 

Multiplying d 2 (12.51) by d 2 V and integrating it over Q t , we have that 

II W| 2 (*) + Ji [\\d 2 y W\\\0, , r) + ||a>|| 2 (r)]rfr 

(2.20) 

< Cdl^Woll 2 + | ^ SZ So°° 9 2 y H ■ d 2 Wdxdydr\). 
Similarly, we have that 

\\d y d x wf{t) + fi[W*(p - «i)ll 2 + ll^ 2 || 2 )(o, -,r) 

+\\d y d x u\\ 2 {r)}dr 

(2.21) 

< C(\\d y d x W \\ 2 + Si \\d y d xVl \\ 2 (0, r)dr 
+ 1 So S-oo ST d y d x H ■ d y d x Wdxdydr\), 

and 

\\d 2 x W\\ 2 (t) + SiWliP - Ux)f + R 2 .« 2 || 2 )(0, r) + \\d 2 x u\\ 2 (r)}dr 

< C{\\dlWo\\ 2 + Si ll^i || 2 (0, r)dr + | Si SZc JT d l H ■ d 2 x Wdxdydr\). 

(2.22) 
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Choose A3, A4 suitably small such that (12.201) + Aq( l2.2ip . combined with 
CT| and (12TH) . yields that 

KW(t) + \\d y d x W\m + H[{\\dlWf + \\d y d x (p - ^)ll 2 

+ \\d y d x u 2 \\ 2 )(0, r) + (H^ll 2 + \\d y d x u\\ 2 )(r)]dr 

<C(\\W \\l + 6 f*\\W\\ 2 2 (0,;T)dT 



+ \IoIZo io°° d y H " d 2 y Wdxdydr\ + | f Q / °° d y d x H ■ d y d x Wdxdydr\), 

(2.23) 

and (12T23D + A 4 flZ2Zj) , combined with (12TT9D and fl2TT7j) . yields that 

I|5W(*) + /o[(IIWI 2 + II^(p- w 0II 2 

+ ||<V^ 2 || 2 + ||3 2 (p - Ml )H 2 + ll^ 2 || 2 )(0, r) + ||a 2 W || 2 (r)]rfr 
< C(||Wo|ll + So Jo IIWHKO, r)dr + | £ /_« a 2 // ■ t^drdydrl 

+ 1 Jo Too Jo°° • ^ft,Wdxdydr| + I £ JZ f °° ^ " 9 2 ^^r|). 

(2.24) 

Combined with PZEZj) , lemma O and lemma [23, (l2~2^j) yields that 
II^II^W + /o[ll^ll2(0,-,r) + || M || 2 (r)]rfr 

(2.25) 

< C||Wo||l + C5 Q J q * HVplUCr)^. 
From (12.41) it is easy to know that 

\\W t \\l(0,;t) < C\\W\\l(0,;t), \\W t \\l(t) < C\\W\\l(t), 
so (12T25D yields that 

\m\m + \\w t \m + ioi(\\w\\i + mwim r) + 11^111^)]^ 

<C\\W \\l + C5 J*\\VpUr)dr. 

(2.26) 
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By similar calculation to fl2~ToD . V p , V / 9, + sVf[2~DoVp^ + V fl2~ij) .V^. 
yields that 

Jo(ll V ^ll 2 + HV^ y || 2 + ||V^|| 2 )(^)^ < 

C(||Wo||I + (||Vp||? + ||u||?)(t) + f*[(\\p t \\l + \\W\\l)(0, , r) + ||«||l(r)]dr) 
+C8 f*(\\u\\t + \\Vp\\l)(T)dT. 

(2.27) 

Choose A 5 suitably small such that (12.261) + A^ fl2.27p yields that 
\\W\m + \\W t \\l(t) + f*[(\\W\\ 2 2 + ||Wi||f)(0 I . I r) 

(2.28) 

+(l|pt||! + l|Vp||? + ||«||3)(r)]dr< C\\Wo\\l 

From ([23D we know that \\u t \\l{t) < C(\\Vp\\j + thus f[2~2H]) 

yields that 

\\W\m + ||Wi||?(t) + f*[(\\W\\l + \\W t \\l)(0, , r) 

(2.29) 

+(l|W t ||? + ||Vp||f+|H|i)(r)]dr<C'||Wb||l. 
2.4 Estimate D 

By direct and a little tedious calculation, we get the following estimates on 
the nonlinear terms. 



Lemma 2.5 Assume (2/1) holds, then 

\fjZ^dlH.dlWdxdydr\ 

<C5o(||^po|| 2 + ||^p|| 2 (t) 

+ £[||a 3 ^|| 2 (0,-,r) + (||Vp|| 2 + || M |||)(r)]dr), 

I Jo Too Jo" d l d * H ■ d 2 y d x Wdxdydr\ 

<c5 (\\d" y d x p r+\\d" y d xP nt) 

+ / '[||a 3 ^|| 2 (0,-,r) + (||Vp|| 2 + ||n|| 2 )(r)]dr), 
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I It IZo Jo°° d v d l H ■ d y d 2 x Wdxdydr\ 
<C5 (\\d y dlp \\ 2 +\\d y dlp\m 
+ Jo [||<9W(0,-,r) + (|| Vp\\l + \\u\\l) (r)]dr), 

<C5o(||^p || 2 + ||^p|| 2 (t) 

+ £[||a 3 ^|| 2 (0,-,r) + (||Vp||i + || M |||)(r)]rfr). 
As for the estimates on the boundary terms, we have the following results. 

Lemma 2.6 Assume \2. 7| ) holds, then 

||^5^^i|| 2 (0, < C(||V^||l ||ag^ 2 || 2 )(0, C^o||V^||i(0, (2.30) 
M«i|| 2 (0, t) < C(\\W\\l + \\d 2 d x u 2 r + \\& y (p - Ml )ll 2 )(0, t) 

(2.31) 

+C5 \\W\\l(0,;t), 

RV|| 2 (o, .,t) < c(\\w\\l + 1|9> 2 || 2 + 1|^ 2 || 2 

(2.32) 

+||a 2 ^(p-^)|| 2 )(o,-,t) + ^ ||^|| 2 (o,-,t). 

The proof of lemma 12.61 is similar to that of lemma 12.41 so we omit here. 
Multiplying c^ ()2.5l) by dyV and integrating it over Q t , we have that 

II W| 2 (t) + £[||^^|| 2 (0, , r) + ||a>|| 2 (r)]rfr 

(2.33) 

< ^(ll^^oll 2 + | £ JZ ^ dlH ■ d*WdxdydT\). 
Similarly, we have that 
\\d 2 y d x W\m 

+ H i(\\d 2 y d x (p - Ml )ll 2 + ll^ 2 || 2 )(0, •, r) + \\dld x uf{r)\dr 

(2.34) 

< C(||a 2 a^ || 2 + St ll^ill 2 (0, r)dr 
+ 1 Si SZ So°° d 2 y d x H ■ d 2 y d x Wdxdydr\), 
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+ JoKHdKp - Ul )f + ||d^ 2 u 2 || 2 )(0, r) + \\d y dlu\\\T)]dT 

(2.35) 

< C(||a^o|| 2 + /ol|a^ill 2 (0,-, r)dr 
+ 1 Jo Too JT d v d l H ■ dydlWdxdydrW 

and 

II W| 2 (i) + - «i) || 2 + ||^ 2 || 2 )(0, , r) + R 3 u|| 2 (r)]dr 

< C{\\dlW,\\ 2 + £ || W(0, -,r)dr + | jj J_~ J ~ figJET ■ flgWdxdydr|). 

(2.36) 

Choose A 6 , A 7 , A 8 suitably small such that (12.331) + A«( l2.34p . combined 
with (ICTJj) and (ET21I . yields that 

iiwm + \\d*d x w\m + fi[(\\s%w\\> + \\d> y d x ( P - Ul )r 

+ ||9 2 ^ 2 || 2 )(0, •, r) + (II^H 2 + \\dp x u\\ 2 )(r)]dr 

<C(\\W \\l + 5 ti\\W\\l(0,;T)dT 

+ 1 lo IZo Jo°° 9 3 y H ■ d* y WdxdydT\ + | £ JZ J™ d* y d x H ■ d*d x Wdxdydr\), 

(2.37) 

(E3ZD + A 7 (E35]), combined with (EED) and (j222}, yields that 

(ll^|| 2 + ||a 2 ^|| 2 + ||^ 2 ^|| 2 )(t) 

+ 01 W 2 + II^(p - ^)H 2 + K 2 ^ 2 || 2 + II<V 2 (p - ^)|| 2 

+ ||^ 2 || 2 )(0, - , r) + (lia^H 2 + ||a 2 a^|| 2 + ||^|| 2 )(r)]dr 
<C(||Wb||§ + ioJ?||W||l(0,.,r)dT 
+ 1 it Too r ^ " %WdxdydT\ + | £ n f °° dld x H ■ d*d x Wdxdydr\ 
+ 1 Jo I-oo Jo°° ■ d y <P x Wdxdydr\), 

(2.38) 
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and fl2~35]) + A 8 (|Z5SD , combined with (jZ52D and (JCTJ), yields that 

ll^|| 2 (t) + £[(||^f + \\& y d x { P - Ml )|| 2 + ||a^, M2 || 2 + \\d y diu 2 \\ 2 

+ \\d y dl(p - nOH 2 + \m P - Ul )f + R 3 W2 || 2 )(0, -,r) + ||a 3 W || 2 (r)]rfr 

<C(||WblH + iojJ 11^111(0,-,^ 

+ 1 lo Too Jo°° ^ • d 3 y Wdxdydr\ + | £ jj 3 2 ^# • 9 2 a,^a;^r| 

+ 1 Jo Too Io°° d v d l H ■ dydlWdxdydr\ + | £ J °° d*H • ^Wcfadydr|). 

(2.39) 

Combined with lemma [2751 lemma [2761 and (12.291) . (I2.39f) yields that 
\\W\\l(t) + Q\W\\l(0, -,t) + (\\p t \\j + \\Vp\\j + \\u\\l)(r)]dr 

(2.40) 

<C\\Wo\\l + C5o^\\Vp\\l(r)dr. 
From (12.41) it is easy to know that 

ww t \\i(o,;t) < cii^n 2 (o,-,t), \\w t \m < c\\w\m, 

so (127401 yields that 

\\w\\m+ mwm 

+ £[(\\W\\l + WW^lm ; r) + (\\ Pt \\l + \\Vp\\l + \\u\\l)(r)]dr (2.41) 

< C|| WollI + C5 J * || VpHI(t)^. 

By similar calculation to fl27l5|) . d 2 (^ ,d 2 p,+sd 2 (^M^d 2 p,.+d 2 (^M^d 2 o v 
yields that 

Jo(\\d 2 Pt\\ 2 +\\d 2 Py\\ 2 + \\d 2 Px \\ 2 )(T)dT< 

C(\\W \\l + (||Vp|| 2 + || M || 2 )(t) + f*[(\\p t \\ 2 + ||^|| 2 )(0, r) + |M| 2 (T)]dr) 
+C5 J^\\u\\l+\\Vp\\l)(r)dr. 

(2.42) 

Choose Ag suitably small such that (12.411) + Aa (l2.42p yields that 

II^II^W + II^II^W + ^KII^IIl + ll^ii 2 )^-^) 

(2.43) 

+(l|pt||i + l|Vp||i + |Hli)(r)]dr<C7||Wb||I. 
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From (JZU we know that \\u t \\ 2 2 (t) < C(\\Vp\\ 2 2 + |M|§)(*), thus (gl5D 
yields that 

ll^lllW + ll^lliW + ^tdl^lll+II^UDlCr) 

(2.44) 

+(l|Wi||I + ||Vp||I+|H|§)(r)]dr<C||Wb||l. 
2.5 Estimate E 

By direct and a little tedious calculation, we get the following estimates on 
the nonlinear terms. 

Lemma 2.7 Assume \2. 7| ) holds, then 

\tifZof °°dt H -dtWdxdydT\ 

<c5 (\\di Po r + \\cf y p\m 

+ / t [||^|| 2 (0 ! . ! T) + (||Vp||i + || W ||l)(r)]dr), 
I Jo Too Jo°° 9 v d * H ■ d 3 y d x Wdxdydr\ 

<c6 (\\did xPo r+\\d 3 y d x p\m 

+ £[||a 4 W|| 2 (0,-,r) + (||Vp||| + || M ||l)(r)]dr), 
I Jo IZo Jo°° m E ■ d 2 y d 2 x Wdxdydr\ 
<CTo(||^p || 2 + ||^ x 2 p|| 2 (t) 

+ / '[||a 4 W|| 2 (0,-,r) + (||Vp|| 2 + ||n|| 2 )(r)]dr), 
I Jo IZo Jo°° d v d l H ■ d y d x Wdxdydr\ 

<c6 (\\d y di Po r + \\d y dip\m 

+ Jo [\\d 4 Wf(0, ;t) + (|| V P || 2 + \\u\\l)(T)]dT), 

\SSJZST%n.%wdxdydT\ 

<c8 (\\d$p f+\\dtp\m 

+ / '[||a 4 W|| 2 (0,-,r) + (||Vp|| 2 + ||n|| 2 )(r)]dr). 
16 



As for the estimates on the boundary terms, we have the following results. 
Lemma 2.8 Assume \2. 7| j holds, then 

ll^a^l^CO, < C(||V^||i -h ||a^ 2 || 2 )(0, + OTollV^II^CO, (2.45) 

ii^>iii 2 (o,-,t) <c(\\w\\i+\\did x u 2 r + \\di( P - Ul )r)(o,-,t) 

(2.46) 

+C8 \\W\\l(0,;t), 

IM^no, .,*) < C7(||win + nagfigtiaii 2 + ||a> 2 || 2 

(2.47) 

+ \\%d a (j> - «i)|| 2 )(0, ;t) + CS \\W\\l(0, ;t), 

RSII 2 (o, , t) < c(\\w\\i + ||a^ 2 || 2 + lld^VII 2 + \\dffi( P - Ml )ll 2 

+\\di(p-u 1 )\\ 2 )(0,.,t) + C8 \\W\\l(0,;t). 

(2.48) 

The proof of lemma 12.81 is similar to that of lemma 12.41 so we omit here. 
Multiplying ffij (12.51) by d^V and integrating it over Q t , we have that 



\\d 4 y W\m + ti[\\d* y W\\\0, , r) + ||a>|| 2 (r)]rfr 

< C(||9^o|| 2 + | & JZ / °° djH ■ cf y Wdxdydr\). 
Similarly, we have that 

\\%wr\\*(t) 

< C(\\d s y d x W Q f + /J \\d 3 y d xVi nO, -, r)dr 
+ 1 Jo Too Jo°° &v d * H ■ dp x Wdxdydr\), 

+ Jl[(\\d 2 MP ~ M i)H 2 + K 2 ^ 2 H 2 )(0, r) + \\dldlunr)}dr 

< C(||a 2 a 2 ^ || 2 + It Kfl£i*ir(0, ;r)dr 
+ 1 Jo LI Jo°° ^d 2 x H ■ %%WdxdydT\), 
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(2.49) 



(2.50) 



(2.51) 



\\d y dlw\\\t) 

+ JoKH^ip - + ||d^u 2 || 2 )(0, r) + \\d y dlu\\\T)]dT 

(2.52) 

< C{\\d y dlW4 2 + Pjdydlv^-, r)dr 
+ 1 Jo Too JT d v d l H ■ d y d 3 x Wdxdydr\), 

and 

II W| 2 (i) + Jj[(||#(p - wi) || 2 + ||9> 2 || 2 )(0, ,r)+ R 4 u|| 2 (r)]dr 

< C(R 4 I¥ || 2 + Ji ||^i|| 2 (0, .,r)dr + | £ / °° ■ d x Wdxdydr\). 

(2.53) 

Choose Aio, An, Ai 2 , A i3 suitably small such that (12.491) + Amf l2.50l) . com- 
bined with (EOT) and f[2~4"5l) . yields that 

ll^|| 2 (t) + W y d x wf{t) + jl\{W y wf + \\d*d x ( P - m)|| 2 

+ ||«9^ 2 || 2 )(0, •, r) + (||«9>|| 2 + ||a^ M || 2 )(r)]dr 
<C(||^o|| 2 + 5 £||^|| 2 (0,-,r)dr 

+ 1 H JZo Jo°° <^ • qWdxdydrl + | £ JZ J °° fl^ff • ^Wcfadydrl), 

(2.54) 

( 12341 + An (p3B . combined with (12T44D and (j23B), yields that 
(ll^|| 2 + ||^W|| 2 +||a 2 ^|| 2 )(t) 

+ J?[(ll Wi a + \\d 3 y d x ( P - Ul )\\ 2 + ||^ 2 f + WdpUp - Wl )|| 2 

+ ll^ 2 n 2 || 2 )(0, - , r) + (||d>|| 2 + H^H 2 + \\d 2 y d 2 x u\\ 2 )(r)}dr 
<C(\\W \\l + 5 Ji\\W\\l(0,;r)dr 
+ 1 Si JZo JZ 9 4 y H ■ d^Wdxdydr\ + | £ /_» / °° fl^ff • ^Wdxdydrl 
+ 1 H JZo JZ ■ dffiWdxdydr\), 

(2.55) 

18 



(123511 + Aio (l252jl . combined with (g31D and yields that 

(Hwr + \\d*d x wr + + \\d y d*w\m) 

+ Si [(II + ||^,(p - Mil 2 + ll^4MI 2 + \\dffi(p - Mil 2 
+\\%%M 2 + \\d y di{ P - Ml )|| 2 + ||^ 2 || 2 )(o, r) 

+(ll<9>|| 2 + ||^5,«|| 2 + ||d 2 «9 2 M || 2 + \\d y ^uf){r)\dr 

< C(|| W f 4 + S jj \\W\\l(0, ;r)dr 

+ 1 Jo Too Jo°° d t H ■ d" y Wdxdydr\ + | jj / °° fl^ff • flf^Wdsdydrl 

+1 Jo LI JT • ^a^^dri 

+ 1 Si Too Jo°° • dydlWdxdydrl), 

(2.56) 

and (12361) + An (123311 . combined with (12331) and (E3HD, yields that 

ll^|| 2 (t) + £ [(KW + ||^( P - Mil 2 + Hc^mi 2 
+K 2 <9 2 (p - «i)ll 2 + H 2 <9 2 MI 2 + \\d y dl{ P - Mil 2 + II^VII 2 

+ R 4 (P - Mil 2 + R 4 M| 2 )(0, - , r) + Wuf{r)]dr 
< C(\\W \\l + *o £ \\W\\l(0, ; r)dr + | H Jo 00 %H ■ & y Wdxdydr\ 
+ 1 Si S-oo /o°° d l d * H ■ d 3 y d x Wdxdydr\ 
+ 1 Si LI JT ^ ■ ^Wd*dydr| 
+ 1 /o Ho Jo°° A/<^# • d y d x Wdxdydr\ 
+ \SiSZSo C °9 x H-dtWdxdydT\). 

(2.57) 
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Combined with lemma [2~7l lemma |2~B1 and (I2.44|) . (I2.57P yields that 
\\W\\l(t) + Ji[\\W\\l(0, ;t) + (\\p t g + ||Vp||| + \\u\\l)(r)]dr 

(2.58) 

<C\\W \\l + C5 ^\\Vp\\l(r)dT. 
From (12.41) it is easy to know that 

\\W t \\l(^;t)<C\\W\\l(0,;t), \\W t \\l(t)<C\\W\\l(t), 
so (12381) yields that 

\\W\\l(t) + \\W t \\l(t) 

+ £[(\\W\\l + l|Wi||l)(0, r) + (\\p t \\l + HVpllI + \\u\\l)(T)]dr (2.59) 
<C\\W \\l + C6oti\\Vp\\l(T)dT. 

By similar calculation to (|2TT5|) . d 3 ^) 1 d 3 p t +sd 3 ^M) 2 d 3 p x +d 3 ^^ 3 d 3 p y 
yields that 

Io(\\d 3 Pt\\ 2 +\\d 3 Py \\ 2 + \\d 3 p x r)(r)dr< 

C(\\W \\l + (\\Vp\\l + ||«||l)(t) + f*[(\\p t \\l + \\W\\l)(0, , r) + |M|2(r)]dr) 
+CSati(\\u\\t+\\Vp\\l)(T)dT. 

(2.60) 

Choose A 14 suitably small such that ( 12. 59ft + \u (12.601) yields that 
\\W\\l(t) + \\W t \\l(t) + £[(\\W\\l + \\W t \\l)(0, , r) 

(2.61) 

+(l|p t |li + l|Vp||i + |HI!)(r)]dr< enroll!. 

From ([2I1D we know that < C(||Vp||§ + thus (l2~BTj) 

yields that 

\\W\\l(t) + \\W t \\l(t) + £[(\\W\\l + \\W t \\t)(0, r) 

(2.62) 

+(l|Wi||I + ||Vp||I+|H|2)(r)]dr<C||Wb||i 
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2.6 Estimates on higher order derivatives 

By the similar arguments we can get the following estimates, for any positive 
integer / > 4 as long as 60 is sufficiently small, 

\\w\\m + \\w t \\u(t) 

+ simwwi + {mum -,t) + (\rnwu + \\vp\\u + wnwdr 

<c\\w \\l 

(2.63) 

3 Theorems of existence 
3.1 Local existence 

We are first going to obtain the local existence of solution to the initial- 
boundary problem (12.41) by making use of iterative scheme. Consider the 
following linear system, 

' PT +1 - sp™ +1 + r< +1 + ru™ +l = - r (Vp m+1 ■ u m + p m dhm m+1 ), 
u™ +l - su™ +1 + rp™ +1 + ku™ +l = -ru m ■ V< +1 + \B m p™ +l , 
u™ +1 - su™ +1 + rp™ +1 + ku™ +1 = -ru m ■ Vu™ +1 + }B m p™ + \ 
(p™+\ y, t)\ t=0 = (p™ +1 , u™+\ u™ +1 )(x, y), 

K (p m+1 + < +1 )|,=o = 0, 

(3.64) 

where B m = r 2 - P ' { ^p , p^ +1 , < +1 > < +1 are functions of class C°° and 
E \\Po +1 -Pol E \Ww +% - u wtH \\u^ +1 - u 2o\\ converge with the respective 

m m m 

limits p ,Wio,«2o- 

Denote W 71 = (p m , u™, M™), W m = (p™, m^o, u^). By the similar process 
to the a priori estimates in section 2, we have the following estimate, 
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\w 



m+l||2 



H\\Wr +1 \\U + UV^If-i + \\u^)(r)]dr 

^c-ClWiioil^iif + cciiw^iiK^iiv^ii?.^*) 

+ IoCm m Ur)A\W m+ %(r))[\\W m+1 \\f(0,-,T) 
+ (l|Vp m ||t 1 + \\u m \\f + HVp^Uti + \\u m+1 \\i)(T)}dr. 
From f)3.65p we get the following lemma for the system (13.641) . 



(3.65) 



Lemma 3.1 Let I be an integer, I > 4. Assume that po,u w ,U2o G i^(R + x 
R), and \\po\\i, \\ui \\i, ||m2o||; are sufficiently small. Then there exists a time 
T\ and a number R\, such that for all m > 0, we have 

sup \\W m Ut) < R u sup || dtW^-xit) < R h 

0<*<Ti 0<t<Ti 



where the numbers Ri, Ti depend both on the system ^3. 64\ ) and on the initial 
data \\po\\i, \\u w \\i, \\u 20 \\i- 

Now we are going to show the convergence of the iterative scheme in 
L 2 (R + x R) on a smaller time interval T*, then we conclude the convergence 
in H r (R + x R) for all < r < / by interpolation. 

First we define the difference W m = W m+1 — W m and other denotations 
can be similarly defined. We form the difference of two successive equations 
of the scheme, 



hi 



2 ; 



p" 1 — sp x + ru'[ l x + ru~2y 
u™ — su" l x + rpf + few™ 
u r 2 n t — su™ x + rp'y 1 + ku™ 
(p m , u?, u?)(x, y, t)\ t=0 = (p m , u™, v£)(x, y), 
(p m + uT)\x=o = 0, 



hi 



3 ' 



(3.66) 



where 
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hf = - r (Vp m+1 ■ u m + p m divu m+1 - V p m ■ u m ~ x - p m ~ 1 divu m ) 
= -r(Vp m • u m + p m divu m + Vp m • u m ~ x + p m_1 divM m ), 

ft™ = _ ra m • V< +1 + \B m p™+ x + ru m ~ x ■ VvJ? - \B m - x p™ 
= -r(u m ■ Vu? + u m ~ x ■ Vu?) + \B m p^ + \B m - x p™, 

h™ = -ru m ■ Vu™ +1 + }B m p™ +l + ru m ~ l ■ Vu^ - \B m ~ x p™ 

- -T{U ■ V« 2 + U ■ V«2 J + Py + r B Py • 

By the similar process to the a priori estimates in section 2, we get the 
following estimate for the system (13.661) . 



HI 2 - 

(3.67) 



\\W m \\ 2 (t) 

< C 1 (R 1 ) £ \\W™-Y(r)dT + C 2 (i?0 jj \\W m \\\r)dr + C 3 (R 1 )\\W 
Denote 

sup ||Vn| 2 (t), 

0<t<T* 

then we have from (13.671) . 

Vm < C 2 {R l )T*y m + C 1 (R 1 )T*y m ^ 1 + (3 m , 
where f3 m = C 3 {Ri) \\W™\\ 2 - We choose T* to be such that 

(C7i(#i) + C 2 (i*i))T* <~. 

It yields that 

J]y m <2^/3 m . (3.68) 

m m 

By using lemma 3.6.5 in [9J(see page 98), we know that {j3 m }m>o has a finite 
sum. From ( 13. 68ft we deduce that {y m }m>o equally has a finite sum, that is 
to say W m converges at least in L°°([0, T*];L 2 (R+ xR)). We denote the limit 
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as W = (p,u 1 ,u 2 ), then W G L°°([0, T*};L 2 (R + xi)). By an interpolation 
formula between H° = L 2 and H l , we have for all < r < /, 

\\w m - W\\ r < \W m - W\1~t \\w m - w\\f. 

So the sequence {W m } m > tend to W in L°°([0, T*]; H r (R + x R)) for all 
r < I. Since / > 4, we have the result that W is a regular solution of the 
initial-boundary value problem (12.41) . So we obtain the following theorem of 
local existence. 

Theorem 3.2 Let I be an integer, I > 4. Assume that po, Wio, u 2 q G H l (R + x 
R), and ||po||z> ll M io||zi 11^20 II i are sufficiently small. Then there exists a time 
T > such that the problem \2.J$ has a unique classical solution 

(p,u 1 ,u 2 ) E C^^T] x R+ x R). 

In addition, (p,u u u 2 ) 6 C^QO, T]; H l ~ 1 (R + x R)) H C°([0, T\\ H l (R + x R)). 

Remark. As mentioned in the section of the introduction, for the initial- 
boundary value problem to the isentropic Euler equations with damping, we 
obtain the local existence of the classical solution only in the case of the 
small initial data due to some essential or technical difficulties, while for 
the Cauchy problem of symmetric hyperbolic systems, the local existence of 
classical solutions can be proved by using the fixed point mapping theorem or 
the iteration method without the assumption that the initial data are small 
(see 0). 

3.2 Global existence 

In order to obtain the global existence of classical solution to the system 
(12.41) . we only need to prove the a priori estimate. Based on the preceding 
estimates in section 2, (I2.63P yields the a priori assumption (12. 7p for any time 
T. Therefore we have the following theorem of global existence. 

Theorem 3.3 Assume that Po,uiq,u 2 q G H l (W + x R), / > 4 is a positive 
integer, and ||po||z, |l M io||«i ll^oll; ore sufficiently small. Then there exists a 
unique, global, classical solution (p,ui,u 2 ) to the initial-boundary value prob- 
lem \2.J$ which satisfies Ii2.63\) and 

(p, u l} u 2 ) G C x ([0, oo); H 1 - 1 ^ x R)) n C°([0, oo); H l (R + x R)). 
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Remark. 1. In this paper, although we study the IB VP for 2-D Euler 
equations with damping, in fact the corresponding results still hold in the 
case of n-D (n > 3). 

2. In this paper, we assume that the boundary function in ( 12. 3D is con- 
stant, and it results in the homogeneous boundary condition in ( 12.41) . so the 
estimates of the solution can be controlled only by the initial data, otherwise 
they should be controlled by both the initial and the boundary functions. 
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